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DISCLAIMER

CONSIDERABLE TIME, EFFORT AND EXPENSE HAVE GONE
INTO THE DEVELOPMENT AND DOCUMENTATION OF
SAP2000. THE PROGRAM HAS BEEN THOROUGHLY TESTED
AND USED. IN USING THE PROGRAM, HOWEVER, THE USER
ACCEPTS AND UNDERSTANDS THAT NO WARRANTY IS EX-
PRESSED OR IMPLIED BY THE DEVELOPERS OR THE DIS-
TRIBUTORS ON THE ACCURACY OR THE RELIABILITY OF
THE PROGRAM.

THE USER MUST EXPLICITLY UNDERSTAND THE ASSUMP-
TIONS OF THE PROGRAM AND MUST INDEPENDENTLY VER-
IFY THE RESULTS.
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C h a p t e r I

Introduction

SAP2000 is the latest and most powerful version of the well-known SAP series of
structural analysis programs.

About This Manual
This manual describes the basic and most commonly used modeling and analysis
features offered by the SAP2000 structural analysis program. It is imperative that
you read this manual and understand the assumptions and procedures used by the
program before attempting to create a model or perform an analysis.

The complete set of modeling and analysis features is described in the SAP2000
Analysis Reference.

As background material, you should first read chapter “The Structural Model” in
the SAP2000 Getting Started manual earlier in this volume. It describes the overall
features of a SAP2000 model. The present manual (Basic Analysis Reference ) will
provide more detail on some of the elements, properties, loads, and analysis types.

About This Manual 1
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Topics
Each chapter of this manual is divided into topics and subtopics. Most chapters be-
gin with a list of topics covered. Following the list of topics is an Overview which
provides a summary of the chapter.

Typographic Conventions
Throughout this manual the following typographic conventions are used.

Bold for Definitions

Bold roman type (e.g., example) is used whenever a new term or concept is de-
fined. For example:

The global coordinate system is a three-dimensional, right-handed, rectangu-
lar coordinate system.

This sentence begins the definition of the global coordinate system.

Bold for Variable Data

Bold roman type (e.g., example) is used to represent variable data items for which
you must specify values when defining a structural model and its analysis. For ex-
ample:

The Frame element coordinate angle, ang, is used to define element orienta-
tions that are different from the default orientation.

Thus you will need to supply a numeric value for the variable ang if it is different
from its default value of zero.

Italics for Mathematical Variables

Normal italic type (e.g., example) is used for scalar mathematical variables, and
bold italic type (e.g., example) is used for vectors and matrices. If a variable data
item is used in an equation, bold roman type is used as discussed above. For exam-
ple:

0 � da < db � L

Here da and db are variables that you specify, and L is a length calculated by the
program.

2 Topics

SAP2000 Basic Analysis Reference
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Italics for Emphasis

Normal italic type (e.g., example) is used to emphasize an important point, or for
the title of a book, manual, or journal.

All Capitals for Literal Data

All capital type (e.g., EXAMPLE) is used to represent data that you type at the key-
board exactly as it is shown, except that you may actually type lower-case if you
prefer. For example:

SAP2000

indicates that you type “SAP2000” or “sap2000” at the keyboard.

Capitalized Names

Capitalized names (e.g., Example) are used for certain parts of the model and its
analysis which have special meaning to SAP2000. Some examples:

Frame element

Diaphragm Constraint

Frame Section

Load Pattern

Common entities, such as “joint” or “element” are not capitalized.

Bibliographic References
References are indicated throughout this manual by giving the name of the
author(s) and the date of publication, using parentheses. For example:

See Wilson and Tetsuji (1983).

It has been demonstrated (Wilson, Yuan, and Dickens, 1982) that ...

All bibliographic references are listed in alphabetical order in Chapter “Bibliogra-
phy” (page 85).

Bibliographic References 3

Chapter I Introduction
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C h a p t e r II

Objects and Elements

The physical structural members in a SAP2000 model are represented by objects.
Using the graphical user interface, you “draw” the geometry of an object, then “as-
sign” properties and loads to the object to completely define the model of the physi-
cal member.

The following object types are available, listed in order of geometrical dimension:

• Point objects, of two types:

– Joint objects: These are automatically created at the corners or ends of all
other types of objects below, and they can be explicitly added to model
supports or other localized behavior.

– Grounded (one-joint) link objects: Used to model special support behav-
ior such as isolators, dampers, gaps, multilinear springs, and more. These
are not covered in this manual

• Line objects, of two types

– Frame/cable objects: Used to model beams, columns, braces, trusses,
and/or cable members

– Connecting (two-joint) link objects: Used to model special member be-
havior such as isolators, dampers, gaps, multilinear springs, and more. Un-

5
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like frame/cable obejcts, connencting link objects can have zero length.
These are not covered in this manual.

• Area objects: Used to model walls, floors, and other thin-walled members, as
well as two-dimensional solids (plane stress, plane strain, and axisymmetric
solids). Only shell-type area objects are covered in this manual

• Solid objects: Used to model three-dimensional solids. These are not covered
in this manual.

As a general rule, the geometry of the object should correspond to that of the physi-
cal member. This simplifies the visualization of the model and helps with the de-
sign process.

If you have experience using traditional finite element programs, including earlier
versions of SAP2000, you are probably used to meshing physical models into
smaller finite elements for analysis purposes. Object-based modeling largely elimi-
nates the need for doing this.

For users who are new to finite-element modeling, the object-based concept should
seem perfectly natural.

When you run an analysis, SAP2000 automatically converts your object-based
model into an element-based model that is used for analysis. This element-based
model is called the analysis model, and it consists of traditional finite elements and
joints (nodes). Results of the analysis are reported back on the object-based model.

You have control over how the meshing is performed, such as the degree of refine-
ment, and how to handle the connections between intersecting objects. You also
have the option to manually mesh the model, resulting in a one-to-one correspon-
dence between objects and elements.

In this manual, the term “element” will be used more often than “object”, since
what is described herein is the finite-element analysis portion of the program that
operates on the element-based analysis model. However, it should be clear that the
properties described here for elements are actually assigned in the interface to the
objects, and the conversion to analysis elements is automatic.

SAP2000 Basic Analysis Reference
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C h a p t e r III

Coordinate Systems

Each structure may use many different coordinate systems to describe the location
of points and the directions of loads, displacement, internal forces, and stresses.
Understanding these different coordinate systems is crucial to being able to prop-
erly define the model and interpret the results.

Topics

• Overview

• Global Coordinate System

• Upward and Horizontal Directions

• Local Coordinate Systems

Overview
Coordinate systems are used to locate different parts of the structural model and to
define the directions of loads, displacements, internal forces, and stresses.

All coordinate systems in the model are defined with respect to a single, global
X-Y-Z coordinate system. Each part of the model (joint, element, or constraint) has
its own local 1-2-3 coordinate system. In addition, you may create alternate coordi-

Overview 7
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nate systems that are used to define locations and directions. All coordinate systems
are three-dimensional, right-handed, rectangular (Cartesian) systems.

SAP2000 always assumes that Z is the vertical axis, with +Z being upward. The up-
ward direction is used to help define local coordinate systems, although local coor-
dinate systems themselves do not have an upward direction.

For more information and additional features, see Chapter “Coordinate Systems” in
the SAP2000 Analysis Reference and the Help Menu in the SAP2000 graphical user
interface.

Global Coordinate System
The global coordinate system is a three-dimensional, right-handed, rectangular
coordinate system. The three axes, denoted X, Y, and Z, are mutually perpendicular
and satisfy the right-hand rule. The location and orientation of the global system are
arbitrary.

Locations in the global coordinate system can be specified using the variables x, y,
and z. A vector in the global coordinate system can be specified by giving the loca-
tions of two points, a pair of angles, or by specifying a coordinate direction. Coordi-
nate directions are indicated using the values X, Y, and Z. For example, +X de-
fines a vector parallel to and directed along the positive X axis. The sign is required.

All other coordinate systems in the model are defined with respect to the global co-
ordinate system.

Upward and Horizontal Directions
SAP2000 always assumes that Z is the vertical axis, with +Z being upward. Local
coordinate systems for joints, elements, and ground-acceleration loading are de-
fined with respect to this upward direction. Self-weight loading always acts down-
ward, in the –Z direction.

The X-Y plane is horizontal. The primary horizontal direction is +X. Angles in the
horizontal plane are measured from the positive half of the X axis, with positive an-
gles appearing counter-clockwise when you are looking down at the X-Y plane.

8 Global Coordinate System

SAP2000 Basic Analysis Reference
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Local Coordinate Systems
Each part (joint, element, or constraint) of the structural model has its own local co-
ordinate system used to define the properties, loads, and response for that part. The
axes of the local coordinate systems are denoted 1, 2, and 3. In general, the local co-
ordinate systems may vary from joint to joint, element to element, and constraint to
constraint.

There is no preferred upward direction for a local coordinate system. However, the
joint and element local coordinate systems are defined with respect to the global up-
ward direction, +Z.

The joint local 1-2-3 coordinate system is normally the same as the global X-Y-Z
coordinate system.

For the Frame and Shell elements, one of the element local axes is determined by
the geometry of the individual element. You may define the orientation of the re-
maining two axes by specifying a single angle of rotation.

The local coordinate system for a Diaphragm Constraint is normally determined
automatically from the geometry or mass distribution of the constraint. Optionally,
you may specify one global axis that determines the plane of a Diaphragm Con-
straint; the remaining two axes are determined automatically.

For more information:

• See Topic “Local Coordinate System” (page 14) in Chapter “The Frame Ele-
ment.”

• See Topic “Local Coordinate System” (page 40) in Chapter “The Shell Ele-
ment.”

• See Topic “Local Coordinate System” (page 52) in Chapter “Joints and De-
grees of Freedom.”

• See Topic “Diaphragm Constraint” (page 66) in Chapter “Joint Constraints.”

Local Coordinate Systems 9
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C h a p t e r IV

The Frame Element

The Frame element is used to model beam-column and truss behavior in planar and
three-dimensional structures. The frame element can also be used to model cable
behavior when nonlinear properties are added (e.g., tension only, large deflections).
Although everything described in this chapter can apply to cables, cable-specific
behavior is not discussed.

Topics

• Overview

• Joint Connectivity

• Degrees of Freedom

• Local Coordinate System

• Section Properties

• Insertion Point

• End Offsets

• End Releases

• Mass

• Self-Weight Load

• Concentrated Span Load

11
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• Distributed Span Load

• Internal Force Output

Overview
The Frame element uses a general, three-dimensional, beam-column formulation
which includes the effects of biaxial bending, torsion, axial deformation, and bi-
axial shear deformations. See Bathe and Wilson (1976).

Structures that can be modeled with this element include:

• Three-dimensional frames

• Three-dimensional trusses

• Planar frames

• Planar grillages

• Planar trusses

• Cables

A Frame element is modeled as a straight line connecting two points. In the graphi-
cal user interface, you can divide curved objects into multiple straight objects,
subject to your specification.

Each element has its own local coordinate system for defining section properties
and loads, and for interpreting output.

Each Frame element may be loaded by self-weight, multiple concentrated loads,
and multiple distributed loads.

Insertion points and end offsets are available to account for the finite size of beam
and column intersections. End releases are also available to model different fixity
conditions at the ends of the element.

Element internal forces are produced at the ends of each element and at a user-spec-
ified number of equally-spaced output stations along the length of the element.

Cable behavior is modeled using the frame element and adding the appropriate fea-
tures. You can release the moments at the ends of the elements, although we recom-
mend that you retain small, realistic bending stiffness instead. You can also add
nonlinear behavior as needed, such as the no-compression property, tension stiffen-
ing (p-delta effects), and large deflections. These features require nonlinear analy-
sis, and are not covered in this manual.

12 Overview

SAP2000 Basic Analysis Reference
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For more information and additional features, see Chapter “The Frame Element” in
the SAP2000 Analysis Reference.

Joint Connectivity
A Frame element is represented by a straight line connecting two joints, i and j, un-
less modified by joint offsets as described below. The two joints must not share the
same location in space. The two ends of the element are denoted end I and end J, re-
spectively.

By default, the neutral axis of the element runs along the line connecting the two
joints. However, you can change this using the insertion point, as described in
Topic “Insertion Point” (page 22).

Joint Offsets

Sometimes the axis of the element cannot be conveniently specified by joints that
connect to other elements in the structure. You have the option to specify joint off-
sets independently at each end of the element. These are given as the three distance
components (X, Y, and Z) parallel to the global axes, measured from the joint to the
end of the element (at the insertion point.)

The two locations given by the coordinates of joints i and j, plus the corresponding
joint offsets, define the axis of the element. These two locations must not be coinci-
dent. It is generally recommended that the offsets be perpendicular to the axis of the
element, although this is not required.

Offsets along the axis of the element are usually specified using end offsets rather
than joint offsets. See topic “End Offsets” (page 24). End offsets are part of the
length of the element, have element properties and loads, and may or may not be
rigid. Joint offsets are external to the element, and do not have any mass or loads.
Internally the program creates a fully rigid constraint along the joints offsets.

Joint offsets are specified along with the cardinal point as part of the insertion point
assignment, even though they are independent features.

For more information:

• See Topic “Insertion Point” (page 22) in this chapter.

• See Topic “End Offsets” (page 24) in this chapter.

Joint Connectivity 13
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Degrees of Freedom
The Frame element activates all six degrees of freedom at both of its connected
joints. If you want to model truss or cable elements that do not transmit moments at
the ends, you may either:

• Set the geometric Section properties j, i33, and i22 all to zero (a is non-zero;
as2 and as3 are arbitrary), or

• Release both bending rotations, R2 and R3, at both ends and release the tor-
sional rotation, R1, at either end

For more information:

• See Topic “Degrees of Freedom” (page 52) in Chapter “Joints and Degrees of
Freedom.”

• See Topic “Section Properties” (page 17) in this chapter.

• See Topic “End Releases” (page 26) in this chapter.

Local Coordinate System
Each Frame element has its own element local coordinate system used to define
section properties, loads and output. The axes of this local system are denoted 1, 2
and 3. The first axis is directed along the length of the element; the remaining two
axes lie in the plane perpendicular to the element with an orientation that you spec-
ify.

It is important that you clearly understand the definition of the element local 1-2-3
coordinate system and its relationship to the global X-Y-Z coordinate system. Both
systems are right-handed coordinate systems. It is up to you to define local systems
which simplify data input and interpretation of results.

In most structures the definition of the element local coordinate system is extremely
simple using the default orientation and the Frame element coordinate angle.
Additional methods are available.

For more information:

• See Chapter “Coordinate Systems” (page 7) for a description of the concepts
and terminology used in this topic.

• See Topic “Advanced Local Coordinate System” in Chapter “The Frame Ele-
ment” in the SAP2000 Analysis Reference.

14 Degrees of Freedom
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• See Topic “Joint Offsets” (page 13) in this chapter.

Longitudinal Axis 1

Local axis 1 is always the longitudinal axis of the element, the positive direction be-
ing directed from end I to end J.

Specifically, end I is joint i plus its joint offsets (if any), and end J is joint j plus its
joint offsets (if any.) The axis is determined independently of the cardinal point; see
Topic “Insertion Point” (page 22.)

Default Orientation

The default orientation of the local 2 and 3 axes is determined by the relationship
between the local 1 axis and the global Z axis:

• The local 1-2 plane is taken to be vertical, i.e., parallel to the Z axis

• The local 2 axis is taken to have an upward (+Z) sense unless the element is ver-
tical, in which case the local 2 axis is taken to be horizontal along the global +X
direction

• The local 3 axis is always horizontal, i.e., it lies in the X-Y plane

An element is considered to be vertical if the sine of the angle between the local 1
axis and the Z axis is less than 10-3.

The local 2 axis makes the same angle with the vertical axis as the local 1 axis
makes with the horizontal plane. This means that the local 2 axis points vertically
upward for horizontal elements.

Coordinate Angle

The Frame element coordinate angle, ang, is used to define element orientations
that are different from the default orientation. It is the angle through which the local
2 and 3 axes are rotated about the positive local 1 axis from the default orientation.
The rotation for a positive value of ang appears counter-clockwise when the local
+1 axis is pointing toward you.

For vertical elements, ang is the angle between the local 2 axis and the horizontal
+X axis. Otherwise, ang is the angle between the local 2 axis and the vertical plane
containing the local 1 axis. See Figure 1 (page 16) for examples.
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Figure 1
The Frame Element Coordinate Angle with Respect to the Default Orientation
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Section Properties
A Frame Section is a set of material and geometric properties that describe the
cross-section of one or more Frame elements. Sections are defined independently
of the Frame elements, and are assigned to the elements.

Local Coordinate System

Section properties are defined with respect to the local coordinate system of a
Frame element as follows:

• The 1 direction is along the axis of the element. It is normal to the Section and
goes through the intersection of the two neutral axes of the Section.

• The 2 and 3 directions define the plane of the Section. Usually the 2 direction is
taken along the major dimension (depth) of the Section, and the 3 direction
along its minor dimension (width), but this is not required.

See Topic “Local Coordinate System” (page 14) in this chapter for more informa-
tion.

Material Properties

The material properties for the Section are specified by reference to a previously-
defined Material. The material properties used by the Section are:

• The modulus of elasticity, e1, for axial stiffness and bending stiffness;

• The shear modulus, g12, for torsional stiffness and transverse shear stiffness;
this is computed from e1 and the Poisson's ratio, u12

• The mass density (per unit of volume), m, for computing element mass;

• The weight density (per unit of volume), w, for computing Self-Weight Load.

• The design-type indicator, ides, that indicates whether elements using this Sec-
tion should be designed as steel, concrete, or neither (no design).

Geometric Properties and Section Stiffnesses

Six basic geometric properties are used, together with the material properties, to
generate the stiffnesses of the Section. These are:

• The cross-sectional area, a. The axial stiffness of the Section is given by a e1� ;
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• The moment of inertia, i33, about the 3 axis for bending in the 1-2 plane, and
the moment of inertia, i22, about the 2 axis for bending in the 1-3 plane. The
corresponding bending stiffnesses of the Section are given by i33 e1� and
i22 e1� ;

• The torsional constant, j. The torsional stiffness of the Section is given by
j g12� . Note that the torsional constant is not the same as the polar moment of
inertia, except for circular shapes. See Roark and Young (1975) or Cook and
Young (1985) for more information.

• The shear areas, as2 and as3, for transverse shear in the 1-2 and 1-3 planes, re-
spectively. The corresponding transverse shear stiffnesses of the Section are
given by as2 g12� and as3 g12� . Formulae for calculating the shear areas of
typical sections are given in Figure 2 (page 19).

Setting a, j, i33, or i22 to zero causes the corresponding section stiffness to be zero.
For example, a truss member can be modeled by setting j = i33 = i22 = 0, and a pla-
nar frame member in the 1-2 plane can be modeled by setting j = i22 = 0.

Setting as2 or as3 to zero causes the corresponding transverse shear deformation to
be zero. In effect, a zero shear area is interpreted as being infinite. The transverse
shear stiffness is ignored if the corresponding bending stiffness is zero.

Shape Type

For each Section, the six geometric properties (a, j, i33, i22, as2 and as3) may be
specified directly, computed from specified Section dimensions, or read from a
specified property database file. This is determined by the shape type, sh, specified
by the user:

• If sh=G (general section), the six geometric properties must be explicitly speci-
fied

• If sh=R, P, B, I, C, T, L, or 2L, the six geometric properties are automatically
calculated from specified Section dimensions as described in “Automatic Sec-
tion Property Calculation” below.

• If sh is any other value (e.g., W27X94 or 2L4X3X1/4), the six geometric prop-
erties are obtained from a specified property database file. See “Section Prop-
erty Database Files” below.

18 Section Properties
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Figure 2
Shear Area Formulae
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Automatic Section Property Calculation

The six geometric Section properties can be automatically calculated from speci-
fied dimensions for the simple shapes shown in Figure 3 (page 21). The required di-
mensions for each shape are shown in the figure.

Note that the dimension t3 is the depth of the Section in the 2 direction and contrib-
utes primarily to i33.

Automatic Section property calculation is available for the following shape types:

• sh=R: Rectangular Section

• sh=P: Pipe Section, or Solid Circular Section if tw=0 (or not specified)

• sh=B: Box Section

• sh=I: I-Section

• sh=C: Channel Section

• sh=T: T-Section

• sh=L: Angle Section

• sh=2L: Double-angle Section

Section Property Database Files

Geometric Section properties may be obtained from one or more Section property
database files. Three database files are supplied with SAP2000:

• AISC.PRO: American Institute of Steel Construction shapes

• CISC.PRO: Canadian Institute of Steel Construction shapes

• SECTIONS.PRO: This is just a copy of AISC.PRO.

Additional property database files may be created using the program PROPER,
which is available upon request from Computers and Structures, Inc.

The geometric properties are stored in the length units specified when the database
file was created. These are automatically converted to the units being used by
SAP2000.

Each shape type stored in a database file may be referenced by one or two different
labels. For example, the W 36x300 shape type in file AISC.PRO may be referenced
either by label “W36X300” or by label “W920X446”. Shape types stored in
CISC.PRO may only be referenced by a single label.

20 Section Properties
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Figure 3
Automatic Section Property Calculation
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The shape type labels available for a given database file are stored in an associated
label file with extension “.LBL”. For examples, the labels for database file
AISC.PRO are stored in file AISC.LBL. The label file is a text file that may be
printed or viewed with a text editor. Each line in the label file shows the one or two
labels corresponding to a single shape type stored in the database file.

You may select one database file to be used when defining a given Frame Section.
The database file in use can be changed at any time when defining Sections. If no
database filename is specified, the default file SECTIONS8.PRO is used. You may
copy any property database file to SECTIONS8.PRO.

All Section property database files, including file SECTIONS8.PRO, must be lo-
cated either in the directory that contains the data file, or in the directory that con-
tains the SAP2000 program files. If a specified database file is present in both direc-
tories, the program will use the file in the data-file directory.

Insertion Point
By default the local 1 axis of the element runs along the neutral axis of the section,
i.e., at the centroid of the section. It is often convenient to specify another location
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Frame Cardinal Points
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on the section, such as the top of a beam or an outside corner of a column. This loca-
tion is called the cardinal point of the section.
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Example Showing Joint Offsets and Cardinal Points
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The available cardinal point choices are shown in Figure 4 (page 22). The default
location is point 10.

Joint offsets are specified along with the cardinal point as part of the insertion point
assignment, even though they are independent features. Joint offsets are used first
to calculate the element axis and therefore the local coordinate system, then the car-
dinal point is located in the resulting local 2-3 plane.

This feature is useful, as an example, for modeling beams and columns when the
beams do not frame into the center of the column. Figure 5 (page 22) shows an ele-
vation and plan view of a common framing arrangement where the exterior beams
are offset from the column center lines to be flush with the exterior of the building.
Also shown in this figure are the cardinal points for each member and the joint off-
set dimensions.

End Offsets
Frame elements are modeled as line elements connected at points (joints). How-
ever, actual structural members have finite cross-sectional dimensions. When two
elements, such as a beam and column, are connected at a joint there is some overlap
of the cross sections. In many structures the dimensions of the members are large
and the length of the overlap can be a significant fraction of the total length of a con-
necting element.

You may specify two end offsets for each element using parameters ioff and joff
corresponding to ends I and J, respectively. End offset ioff is the length of overlap
for a given element with other connecting elements at joint i. It is the distance from
the joint to the face of the connection for the given element. A similar definition ap-
plies to end offset joff at joint j. See Figure 6 (page 25).

End offsets can be automatically calculated by the SAP2000 graphical user inter-
face for selected elements based on the maximum Section dimensions of all other
elements that connect to that element at a common joint.

Clear Length

The clear length, denoted L
c
, is defined to be the length between the end offsets

(support faces) as:

L L
c

� � �( )ioff joff

where L is the total element length. See Figure 6 (page 25).
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If end offsets are specified such that the clear length is less than 1% of the total ele-
ment length, the program will issue a warning and reduce the end offsets propor-
tionately so that the clear length is equal to 1% of the total length. Normally the end
offsets should be a much smaller proportion of the total length.

Effect upon Internal Force Output

All internal forces and moments are output at the faces of the supports and at other
equally-spaced points within the clear length of the element. No output is produced
within the end offset, which includes the joint.

See Topic “Internal Force Output” (page 32) in this chapter for more information.

Effect upon End Releases

End releases are always assumed to be at the support faces, i.e., at the ends of the
clear length of the element. If a moment or shear release is specified in either bend-
ing plane at either end of the element, the end offset is assumed to be rigid for bend-
ing and shear in that plane at that end.
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Frame Element End Offsets
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See Topic “End Releases” (page 26) in this chapter for more information.

End Releases
Normally, the three translational and three rotational degrees of freedom at each
end of the Frame element are continuous with those of the joint, and hence with
those of all other elements connected to that joint. However, it is possible to release
(disconnect) one or more of the element degrees of freedom from the joint when it is
known that the corresponding element force or moment is zero. The releases are al-
ways specified in the element local coordinate system, and do not affect any other
element connected to the joint.

In the example shown in Figure 7 (page 26), the diagonal element has a moment
connection at End I and a pin connection at End J. The other two elements connect-
ing to the joint at End J are continuous. Therefore, in order to model the pin condi-
tion the rotation R3 at End J of the diagonal element should be released. This as-
sures that the moment is zero at the pin in the diagonal element.

26 End Releases
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Frame Element End Releases
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Unstable End Releases

Any combination of end releases may be specified for a Frame element provided
that the element remains stable; this assures that all load applied to the element is
transferred to the rest of the structure. The following sets of releases are unstable,
either alone or in combination, and are not permitted:

• Releasing U1 at both ends

• Releasing U2 at both ends

• Releasing U3 at both ends

• Releasing R1 at both ends

• Releasing R2 at both ends and U3 at either end

• Releasing R3 at both ends and U2 at either end

Effect of End Offsets

End releases are always applied at the support faces, i.e., at the ends of the element
clear length. The presence of a moment or shear release will cause the end offset to
be rigid in the corresponding bending plane at the corresponding end of the ele-
ment.

See Topic “End Offsets” (page 24) in this chapter for more information.

Mass
In a dynamic analysis, the mass of the structure is used to compute inertial forces.
The mass contributed by the Frame element is lumped at the joints i and j. No iner-
tial effects are considered within the element itself.

The total mass of the element is equal to the integral along the length of the mass
density, m, multiplied by the cross-sectional area, a.

The total mass is apportioned to the two joints in the same way a similarly-
distributed transverse load would cause reactions at the ends of a simply-supported
beam. The effects of end releases are ignored when apportioning mass. The total
mass is applied to each of the three translational degrees of freedom: UX, UY, and
UZ. No mass moments of inertia are computed for the rotational degrees of free-
dom.

For more information:
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• See Topic “Section Properties” (page 17) in this chapter for the definitions of m
and a.

• See Chapter “Static and Dynamic Analysis” (page 69).

Self-Weight Load
Self-Weight Load can be applied in any Load Case to activate the self-weight of all
elements in the model. For a Frame element, the self-weight is a force that is distrib-
uted along the length of the element. The magnitude of the self-weight is equal to
the weight density, w, multiplied by the cross-sectional area, a.

Self-weight always acts downward, in the global –Z direction. The self-weight may
be scaled by a single factor that applies to the whole structure.

For more information:

• See Topic “Section Properties” (page 17) in this chapter for the definitions of w
and a.

• See Chapter “Static and Dynamic Analysis” (page 69).

Concentrated Span Load
The Concentrated Span Load is used to apply concentrated forces and moments at
arbitrary locations on Frame elements. The direction of loading may be specified in
the global coordinate system or in the element local coordinate system.

The location of the load may be specified in one of the following ways:

• Specifying a relative distance, rd, measured from joint i. This must satisfy
0 1� �rd . The relative distance is the fraction of element length;

• Specifying an absolute distance, d, measured from joint i. This must satisfy
0 � �d L, where L is the element length.

Any number of concentrated loads may be applied to each element. Loads given in
global coordinates are transformed to the element local coordinate system. See
Figure 8 (page 29). Multiple loads that are applied at the same location are added to-
gether.

See Chapter “Static and Dynamic Analysis” (page 69) for more information.
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Distributed Span Load
The Distributed Span Load is used to apply distributed forces and moments on
Frame elements. The load intensity may be uniform or trapezoidal. The direction of
loading may be specified in the global coordinate system or in the element local co-
ordinate system.

See Chapter “Static and Dynamic Analysis” (page 69) for more information.

Loaded Length

Loads may apply to full or partial element lengths. Multiple loads may be applied to
a single element. The loaded lengths may overlap, in which case the applied loads
are additive.
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Figure 8
Examples of the Definition of Concentrated Span Loads
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A loaded length may be specified in one of the following ways:

• Specifying two relative distances, rda and rdb, measured from joint i. They
must satisfy 0 1� � �rda rdb . The relative distance is the fraction of element
length;

• Specifying two absolute distances, da and db, measured from joint i. They
must satisfy 0 � � �da db L, where L is the element length;

• Specifying no distances, which indicates the full length of the element.
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Figure 9
Examples of the Definition of Distributed Span Loads
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Figure 10
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Load Intensity

The load intensity is a force or moment per unit of length. For each force or moment
component to be applied, a single load value may be given if the load is uniformly
distributed. Two load values are needed if the load intensity varies linearly over its
range of application (a trapezoidal load).

See Figure 9 (page 30) and Figure 10 (page 31).

Internal Force Output
The Frame element internal forces are the forces and moments that result from in-
tegrating the stresses over an element cross section. These internal forces are:

• P, the axial force

• V2, the shear force in the 1-2 plane

• V3, the shear force in the 1-3 plane

• T, the axial torque

• M2, the bending moment in the 1-3 plane (about the 2 axis)

• M3, the bending moment in the 1-2 plane (about the 3 axis)

These internal forces and moments are present at every cross section along the
length of the element.

The sign convention is illustrated in Figure 11 (page 33). Positive internal forces
and axial torque acting on a positive 1 face are oriented in the positive direction of
the element local coordinate axes. Positive internal forces and axial torque acting
on a negative face are oriented in the negative direction of the element local coordi-
nate axes. A positive 1 face is one whose outward normal (pointing away from ele-
ment) is in the positive local 1 direction.

Positive bending moments cause compression at the positive 2 and 3 faces and ten-
sion at the negative 2 and 3 faces. The positive 2 and 3 faces are those faces in the
positive local 2 and 3 directions, respectively, from the neutral axis.

The internal forces and moments are computed at equally-spaced output points
along the length of the element. The nseg parameter specifies the number of equal
segments (or spaces) along the length of the element between the output points. For
the default value of “2”, output is produced at the two ends and at the midpoint of
the element. See “Effect of End Offsets” below.
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Figure 11
Frame Element Internal Forces and Moments
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The Frame element internal forces are computed for all Analysis Cases: Loads,
Modes, and Specs.

It is important to note that the Response Spectrum results are always positive, and
that the correspondence between different values has been lost.

See Chapter “Static and Dynamic Analysis” (page 69) for more information.

Effect of End Offsets

When end offsets are present, internal forces and moments are output at the faces of
the supports and at nseg �1equally-spaced points within the clear length of the ele-
ment. No output is produced within the length of the end offset, which includes the
joint. Output will only be produced at joints i or j when the corresponding end offset
is zero.

See Topic “End Offsets” (page 24) in this chapter for more information.
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C h a p t e r V

The Shell Element

The Shell element is used to model shell, membrane, and plate behavior in planar
and three-dimensional structures. The shell element/object is one type of area ob-
ject. Depending on the type of section properties you assign to an area, the object
could also be used to model plane stress/strain and axisymmetric solid behavior;
these types of behaivior are not considered in this manual.

Topics

• Overview

• Joint Connectivity

• Degrees of Freedom

• Local Coordinate System

• Section Properties

• Mass

• Self-Weight Load

• Uniform Load

• Internal Force and Stress Output
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Overview
The Shell element is a three- or four-node formulation that combines separate
membrane and plate-bending behavior. The four-joint element does not have to be
planar.

The membrane behavior uses an isoparametric formulation that includes
translational in-plane stiffness components and a rotational stiffness component in
the direction normal to the plane of the element. See Taylor and Simo (1985) and
Ibrahimbegovic and Wilson (1991).

The plate bending behavior includes two-way, out-of-plane, plate rotational stiff-
ness components and a translational stiffness component in the direction normal to
the plane of the element. By default, a thin-plate (Kirchhoff) formulation is used
that neglects transverse shearing deformation. Optionally, you may choose a
thick-plate (Mindlin/Reissner) formulation which includes the effects of transverse
shearing deformation.

Structures that can be modeled with this element include:

• Three-dimensional shells, such as tanks and domes

• Plate structures, such as floor slabs

• Membrane structures, such as shear walls

For each Shell element in the structure, you can choose to model pure membrane,
pure plate, or full shell behavior. It is generally recommended that you use the full
shell behavior unless the entire structure is planar and is adequately restrained.

Each Shell element has its own local coordinate system for defining Material prop-
erties and loads, and for interpreting output. Each element may be loaded by gravity
or uniform load in any direction.

A variable, four-to-eight-point numerical integration formulation is used for the
Shell stiffness. Stresses and internal forces and moments, in the element local coor-
dinate system, are evaluated at the 2-by-2 Gauss integration points and extrapolated
to the joints of the element. An approximate error in the element stresses or internal
forces can be estimated from the difference in values calculated from different ele-
ments attached to a common joint. This will give an indication of the accuracy of a
given finite-element approximation and can then be used as the basis for the selec-
tion of a new and more accurate finite element mesh.

For more information and additional features, see Chapter “The Shell Element” in
the SAP2000 Analysis Reference.
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Joint Connectivity
Each Shell element may have either of the following shapes, as shown in Figure 12
(page 38):

• Quadrilateral, defined by the four joints j1, j2, j3, and j4.

• Triangular, defined by the three joints j1, j2, and j3.

The quadrilateral formulation is the more accurate of the two. The triangular ele-
ment is recommended for transitions only. The stiffness formulation of the
three-node element is reasonable; however, its stress recovery is poor. The use of
the quadrilateral element for meshing various geometries and transitions is illus-
trated in Figure 13 (page 39).

The locations of the joints should be chosen to meet the following geometric condi-
tions:

• The inside angle at each corner must be less than 180°. Best results for the
quadrilateral will be obtained when these angles are near 90°, or at least in the
range of 45° to 135°.

• The aspect ratio of an element should not be too large. For the triangle, this is
the ratio of the longest side to the shortest side. For the quadrilateral, this is the
ratio of the longer distance between the midpoints of opposite sides to the
shorter such distance. Best results are obtained for aspect ratios near unity, or at
least less than four. The aspect ratio should not exceed ten.

• For the quadrilateral, the four joints need not be coplanar. A small amount of
twist in the element is accounted for by the program. The angle between the
normals at the corners gives a measure of the degree of twist. The normal at a
corner is perpendicular to the two sides that meet at the corner. Best results are
obtained if the largest angle between any pair of corners is less than 30°. This
angle should not exceed 45°.

These conditions can usually be met with adequate mesh refinement.
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Figure 12
Shell Element Joint Connectivity and Face Definitions
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Figure 13
Mesh Examples Using the Quadrilateral Shell Element
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Degrees of Freedom
The Shell element always activates all six degrees of freedom at each of its con-
nected joints. When the element is used as a pure membrane, you must ensure that
restraints or other supports are provided to the degrees of freedom for normal trans-
lation and bending rotations. When the element is used as a pure plate, you must en-
sure that restraints or other supports are provided to the degrees of freedom for
in-plane translations and the rotation about the normal.

The use of the full shell behavior (membrane plus plate) is recommended for all
three-dimensional structures.

See Topic “Degrees of Freedom” (page 52) in Chapter “Joints and Degrees of Free-
dom” for more information.

Local Coordinate System
Each Shell element has its own element local coordinate system used to define
Material properties, loads and output. The axes of this local system are denoted 1, 2
and 3. The first two axes lie in the plane of the element with an orientation that you
specify; the third axis is normal.

It is important that you clearly understand the definition of the element local 1-2-3
coordinate system and its relationship to the global X-Y-Z coordinate system. Both
systems are right-handed coordinate systems. It is up to you to define local systems
which simplify data input and interpretation of results.

In most structures the definition of the element local coordinate system is extremely
simple using the default orientation and the Shell element coordinate angle. Ad-
ditional methods are available.

For more information:

• See Chapter “Coordinate Systems” (page 7) for a description of the concepts
and terminology used in this topic.

• See Topic “Advanced Local Coordinate System” in Chapter “The Shell Ele-
ment” in the SAP2000 Analysis Reference.
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Normal Axis 3

Local axis 3 is always normal to the plane of the Shell element. This axis is directed
toward you when the path j1-j2-j3 appears counter-clockwise. For quadrilateral el-
ements, the element plane is defined by the vectors that connect the midpoints of
the two pairs of opposite sides.

Default Orientation

The default orientation of the local 1 and 2 axes is determined by the relationship
between the local 3 axis and the global Z axis:

• The local 3-2 plane is taken to be vertical, i.e., parallel to the Z axis

• The local 2 axis is taken to have an upward (+Z) sense unless the element is hor-
izontal, in which case the local 2 axis is taken to be horizontal along the global
+Y direction

• The local 1 axis is always horizontal, i.e., it lies in the X-Y plane

The element is considered to be horizontal if the sine of the angle between the local
3 axis and the Z axis is less than 10-3.

The local 2 axis makes the same angle with the vertical axis as the local 3 axis
makes with the horizontal plane. This means that the local 2 axis points vertically
upward for vertical elements.

Coordinate Angle

The Shell element coordinate angle, ang, is used to define element orientations that
are different from the default orientation. It is the angle through which the local 1
and 2 axes are rotated about the positive local 3 axis from the default orientation.
The rotation for a positive value of ang appears counter-clockwise when the local
+3 axis is pointing toward you.

For horizontal elements, ang is the angle between the local 2 axis and the horizontal
+Y axis. Otherwise, ang is the angle between the local 2 axis and the vertical plane
containing the local 3 axis. See Figure 14 (page 42) for examples.
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Section Properties
A Shell Section is a set of material and geometric properties that describe the
cross-section of one or more Shell elements. Sections are defined independently of
the Shell elements, and are assigned to the area objects.
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Figure 14
The Shell Element Coordinate Angle with Respect to the Default Orientation
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Section Type

When defining an area section, you have a choice of three basic element types:

• Shell– the subject of this chapter, with translational and rotational degrees of
freedom, capable of supporting forces and moments

• Plane (stress or strain) – a two-dimensional solid, with translational degrees of
freedom, capable of supporting forces but not moments. This element is not
covered in this manual.

• Asolid – axisymmetric solid, with translational degrees of freedom, capable of
supporting forces but not moments. This element is not covered in this manual.

For shell sections, you may choose one of the following sub-types of behavior:

• Membrane – pure membrane behavior; only the in-plane forces and the normal
(drilling) moment can be supported

• Plate – pure plate behavior; only the bending moments and the transverse force
can be supported

• Shell – full shell behavior, a combination of membrane and plate behavior; all
forces and moments can be supported

It is generally recommended that you use the full shell behavior unless the entire
structure is planar and is adequately restrained.

Thickness Formulation

Two thickness formulations are available, which determine whether or not trans-
verse shearing deformations are included in the plate-bending behavior of a plate or
shell element:

• The thick-plate (Mindlin/Reissner) formulation, which includes the effects of
transverse shear deformation

• The thin-plate (Kirchhoff) formulation, which neglects transverse shearing
deformation

Shearing deformations tend to be important when the thickness is greater than
about one-tenth to one-fifth of the span. They can also be quite significant in the vi-
cinity of bending-stress concentrations, such as near sudden changes in thickness or
support conditions, and near holes or re-entrant corners.

Even for thin-plate bending problems where shearing deformations are truly negli-
bible, the thick-plate formulation tends to be more accurate, although somewhat
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stiffer, than the thin-plate formulation. However, the accuracy of the thick-plate
formulation is more sensitive to large aspect ratios and mesh distortion than is the
thin-plate formulation.

It is generally recommended that you use the thick-plate formulation unless you are
using a distorted mesh and you know that shearing deformations will be small, or
unless you are trying to match a theoretical thin-plate solution.

The thickness formulation has no effect upon membrane behavior, only upon
plate-bending behavior.

Material Properties

The material properties for each Section are specified by reference to a previously-
defined Material. The material properties used by the Shell Section are:

• The modulus of elasticity, e1, and Poisson’s ratio, u12, to compute the mem-
brane and plate-bending stiffness;

• The mass density (per unit volume), m, for computing element mass;

• The weight density (per unit volume), w, for computing Self-Weight Load.

Orthotropic properties are also available, as discussed in the complete SAP2000
Analysis Reference manual.

Thickness

Each Shell Section has a constant membrane thickness and a constant bending
thickness. The membrane thickness, th, is used for calculating:

• The membrane stiffness for full-shell and pure-membrane Sections

• The element volume for the element self-weight and mass calculations

The bending thickness, thb, is use for calculating:

• The plate-bending stiffness for full-shell and pure-plate Sections

Normally these two thicknesses are the same. However, for some applications, such
as modeling corrugated surfaces, the membrane and plate-bending behavior cannot
be adequately represented by a homogeneous material of a single thickness. For
this purpose, you may specify a value of thb that is different from th.
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Mass
In a dynamic analysis, the mass of the structure is used to compute inertial forces.
The mass contributed by the Shell element is lumped at the element joints. No iner-
tial effects are considered within the element itself.

The total mass of the element is equal to the integral over the plane of the element of
the mass density, m, multiplied by the thickness, th. The total mass is apportioned
to the joints in a manner that is proportional to the diagonal terms of the consistent
mass matrix. See Cook, Malkus, and Plesha (1989) for more information. The total
mass is applied to each of the three translational degrees of freedom: UX, UY, and
UZ. No mass moments of inertia are computed for the rotational degrees of free-
dom.

For more information:

• See Subtopic “Thickness” (page 44) in this chapter for the definition of th.

• See Chapter “Static and Dynamic Analysis” (page 69).

Self-Weight Load
Self-Weight Load can be applied in any Load Case to activate the self-weight of all
elements in the model. For a Shell element, the self-weight is a force that is uni-
formly distributed over the plane of the element. The magnitude of the self-weight
is equal to the weight density, w, multiplied by the thickness, th.

Self-weight always acts downward, in the global –Z direction. The self-weight may
be scaled by a single factor that applies to the whole structure.

For more information:

• See Topic “Section Properties” (page 42) in this chapter for the definitions of w
and th.

• See Chapter “Static and Dynamic Analysis” (page 69).

Uniform Load
Uniform Load is used to apply uniformly distributed forces to the midsurfaces of
the Shell elements. The direction of the loading may be specified in the global coor-
dinate system or in the element local coordinate system.
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Load intensities are given as forces per unit area. Load intensities specified in dif-
ferent coordinate systems are converted to the element local coordinate system and
added together. The total force acting on the element in each local direction is given
by the total load intensity in that direction multiplied by the area of the midsurface.
This force is apportioned to the joints of the element.

See Chapter “Static and Dynamic Analysis” (page 69) for more information.

Internal Force and Stress Output
The Shell element stresses are the forces-per-unit-area that act within the volume
of the element to resist the loading. These stresses are:

• In-plane direct stresses: S11 and S22

• In-plane shear stress: S12

• Transverse shear stresses: S13 and S23

• Transverse direct stress: S33 (always assumed to be zero)

The three in-plane stresses are assumed to be constant or to vary linearly through
the element thickness.

The two transverse shear stresses are assumed to be constant through the thickness.
The actual shear stress distribution is parabolic, being zero at the top and bottom
surfaces and taking a maximum or minimum value at the midsurface of the ele-
ment.

The Shell element internal forces (also called stress resultants) are the forces and
moments that result from integrating the stresses over the element thickness. These
internal forces are:

• Membrane direct forces: F11 and F22

• Membrane shear force: F12

• Plate bending moments: M11 and M22

• Plate twisting moment: M12

• Plate transverse shear forces: V13 and V23

It is very important to note that these stress resultants are forces and moments per
unit of in-plane length. They are present at every point on the midsurface of the ele-
ment.
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The sign conventions for the stresses and internal forces are illustrated in Figure 15
(page 47). Stresses acting on a positive face are oriented in the positive direction of
the element local coordinate axes. Stresses acting on a negative face are oriented in
the negative direction of the element local coordinate axes. A positive face is one
whose outward normal (pointing away from element) is in the positive local 1 or 2
direction.

Positive internal forces correspond to a state of positive stress that is constant
through the thickness. Positive internal moments correspond to a state of stress that
varies linearly through the thickness and is positive at the bottom.

The stresses and internal forces are evaluated at the standard 2-by-2 Gauss integra-
tion points of the element and extrapolated to the joints. Although they are reported
at the joints, the stresses and internal forces exist throughout the element. See Cook,
Malkus, and Plesha (1989) for more information.

The Shell element stresses and internal forces are computed for all Analysis Cases:
Loads, Modes, and Specs.

Principal values and the associated principal directions are also computed for the
Loads and Modes. The angle given is measured counter-clockwise (when viewed
from the top) from the local 1 axis to the direction of the maximum principal value.

It is important to note that the Response Spectrum results are always positive, and
that the correspondence between different values has been lost.

See Chapter “Static and Dynamic Analysis” (page 69) for more information.
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C h a p t e r VI

Joints and Degrees of Freedom

The joints play a fundamental role in the analysis of any structure. Joints are the
points of connection between the elements, and they are the primary locations in the
structure at which the displacements are known or are to be determined. The dis-
placement components (translations and rotations) at the joints are called the de-
grees of freedom.

Topics

• Overview

• Modeling Considerations

• Local Coordinate System

• Degrees of Freedom

• Restraints and Reactions

• Springs

• Masses

• Force Load

• Ground Displacement Load
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Overview
Joints, also known as nodal points or nodes, are a fundamental part of every struc-
tural model. Joints perform a variety of functions:

• All elements are connected to the structure (and hence to each other) at the
joints

• The structure is supported at the joints using restraints and/or springs

• Rigid-body behavior and symmetry conditions can be specified using Con-
straints that apply to the joints

• Concentrated loads may be applied at the joints

• Lumped (concentrated) masses and rotational inertia may be placed at the
joints

• All loads and masses applied to the elements are actually transferred to the
joints

• Joints are the primary locations in the structure at which the displacements are
known (the supports) or are to be determined

All of these functions are discussed in this chapter except for the Constraints, which
are described in Chapter “Joint Constraints” (page 65).

Joints in the analysis model correspond to point objects in the structural-object
model. Using the SAP2000 graphical interface, joints (points) are automatically
created at the ends of each frame/cable object and at the corners of each shell object.
Joints may also be defined independently of any element.

Automatic meshing of frame/cable and shell objects will create additional joints
corresponding to any frame/cable and shell elements that are created.

Joints may themselves be considered as elements. Each joint may have its own lo-
cal coordinate system for defining the degrees of freedom, restraints, joint proper-
ties, and loads; and for interpreting joint output. In most cases, however, the global
X-Y-Z coordinate system is used as the local coordinate system for all joints in the
model.

There are six displacement degrees of freedom at every joint — three translations
and three rotations. These displacement components are aligned along the local co-
ordinate system of each joint.

Joints may be loaded directly by concentrated loads or indirectly by ground dis-
placements acting though restraints or spring supports.
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Displacements (translations and rotations) are produced at every joint. The external
and internal forces and moments acting on each joint are also produced.

For more information and additional features:

• See Chapter “Joint Coordinates” in the SAP2000 Analysis Reference.

• See Chapter “Joints and Degrees of Freedom” in the SAP2000 Analysis Refer-
ence.

• See Chapter “Constraints and Welds” in the SAP2000 Analysis Reference.

Modeling Considerations
The location of the joints and elements is critical in determining the accuracy of the
structural model. Some of the factors that you need to consider when defining the
elements (and hence joints) for the structure are:

• The number of elements should be sufficient to describe the geometry of the
structure. For straight lines and edges, one element is adequate. For curves and
curved surfaces, one element should be used for every arc of 15° or less.

• Element boundaries, and hence joints, should be located at points, lines, and
surfaces of discontinuity:

– Structural boundaries, e.g., corners and edges

– Changes in material properties

– Changes in thickness and other geometric properties

– Support points (restraints and springs)

– Points of application of concentrated loads, except that Frame elements
may have concentrated loads applied within their spans

• In regions having large stress gradients, i.e., where the stresses are changing
rapidly, a shell element mesh should be refined using small elements and
closely-spaced joints. This may require changing the mesh after one or more
preliminary analyses, which can be done by modifying the automated-mesh pa-
rameters for an area object.

• More that one element should be used to model the length of any span for which
dynamic behavior is important. This is required because the mass is always
lumped at the joints, even if it is contributed by the elements.

Modeling Considerations 51

Chapter VI Joints and Degrees of Freedom

59



Local Coordinate System
Each joint has its own joint local coordinate system used to define the degrees of
freedom, restraints, properties, and loads at the joint; and for interpreting joint out-
put. The axes of the joint local coordinate system are denoted 1, 2, and 3. By default
these axes are identical to the global X, Y, and Z axes, respectively. Both systems
are right-handed coordinate systems.

The default local coordinate system is adequate for most situations. However, for
certain modeling purposes it may be useful to use different local coordinate systems
at some or all of the joints. This is described in Chapter “Joint Degrees of Freedom”
in the SAP2000 Analysis Reference.

For more information see Chapter “Coordinate Systems” (page 7).

Degrees of Freedom
The deflection of the structural model is governed by the displacements of the
joints. Every joint of the structural model may have up to six displacement compo-
nents:

• The joint may translate along its three local axes. These translations are de-
noted U1, U2, and U3.

• The joint may rotate about its three local axes. These rotations are denoted R1,
R2, and R3.

These six displacement components are known as the degrees of freedom of the
joint. The joint local degrees of freedom are illustrated in Figure 16 (page 53).

In addition to the regular joints defined as part of your structural model, the pro-
gram automatically creates master joints that govern the behavior of any Con-
straints that you may have defined. Each master joint has the same six degrees of
freedom as do the regular joints. See Chapter “Joint Constraints” (page 65) for
more information.

Each degree of freedom in the structural model must be one of the following types:

• Active — the displacement is computed during the analysis

• Restrained — the displacement is specified, and the corresponding reaction is
computed during the analysis
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• Constrained — the displacement is determined from the displacements at other
degrees of freedom

• Null — the displacement does not affect the structure and is ignored by the
analysis

• Unavailable — the displacement has been explicitly excluded from the analysis

These different types of degrees of freedom are described in the following subtop-
ics.

Available and Unavailable Degrees of Freedom

You may explicitly specify the set of global degrees of freedom that are available to
every joint in the structural model. By default, all six degrees of freedom are avail-
able to every joint. This default should generally be used for all three-dimensional
structures.

For certain planar structures, however, you may wish to restrict the available de-
grees of freedom. For example, in the X-Z plane: a planar truss needs only UX and
UZ; a planar frame needs only UX, UZ, and RY; and a planar grid or flat plate needs
only UY, RX, and RZ.

The degrees of freedom that are not specified as being available are called unavail-
able degrees of freedom. Any stiffness, loads, mass, restraints, or constraints that
are applied to the unavailable degrees of freedom are ignored by the analysis.
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Available degrees of freedom may be restrained, constrained, active, or null.

Restrained Degrees of Freedom

If the displacement of a joint along any one of its available degrees of freedom is
known, such as at a support point, that degree of freedom is restrained. The known
value of the displacement may be zero or non-zero, and may be different in differ-
ent Load Cases. The force along the restrained degree of freedom that is required to
impose the specified restraint displacement is called the reaction, and is determined
by the analysis.

Unavailable degrees of freedom are essentially restrained. However, they are ex-
cluded from the analysis and no reactions are computed, even if they are non-zero.

See Topic “Restraints and Reactions” (page 55) in this chapter for more informa-
tion.

Constrained Degrees of Freedom

Any joint that is part of a constraint may have one or more of its available degrees of
freedom constrained. The program automatically creates a master joint to govern
the behavior of each constraint. The displacement of a constrained degree of free-
dom is then computed as a linear combination of the displacements along the de-
grees of freedom at the corresponding master joint.

If a constrained degree of freedom is also restrained, the restraint will apply to the
whole set of constrained joints.

See Chapter “Joint Constraints” (page 65) for more information.

Active Degrees of Freedom

All available degrees of freedom that are neither constrained nor restrained must be
either active or null. The program will automatically determine the active degrees
of freedom as follows:

• If any load or stiffness is applied along any translational degree of freedom at a
joint, then all available translational degrees of freedom at that joint are made
active unless they are constrained or restrained.

• If any load or stiffness is applied along any rotational degree of freedom at a
joint, then all available rotational degrees of freedom at that joint are made ac-
tive unless they are constrained or restrained.
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• All degrees of freedom at a master joint that govern constrained degrees of
freedom are made active.

A joint that is connected to any frame or shell element will have all of its available
degrees of freedom activated. An exception is a Frame element with only truss-type
stiffness, which will not activate rotational degrees of freedom.

Every active degree of freedom has an associated equation to be solved. If there are
N active degrees of freedom in the structure, there are N equations in the system,
and the structural stiffness matrix is said to be of order N. The amount of computa-
tional effort required to perform the analysis increases with N.

The load acting along each active degree of freedom is known (it may be zero). The
corresponding displacement will be determined by the analysis.

If there are active degrees of freedom in the system at which the stiffness is known
to be zero, such as the out-of-plane translation in a planar-frame, these must either
be restrained or made unavailable. Otherwise, the structure is unstable and the solu-
tion of the static equations will complain.

For more information:

• See Topic “Degrees of Freedom” (page 14) in Chapter “The Frame Element.”

• See Topic “Degrees of Freedom” (page 40) in Chapter “The Shell Element.”

Null Degrees of Freedom

The available degrees of freedom that are not restrained, constrained, or active, are
called the null degrees of freedom. Because they have no load or stiffness, their dis-
placements and reactions are zero, and they have no effect on the rest of the struc-
ture. The program automatically excludes them from the analysis.

Restraints and Reactions
If the displacement of a joint along any of its degrees of freedom has a known value,
either zero (e.g., at support points) or non-zero (e.g., due to support settlement), a
restraint must be applied to that degree of freedom. The known value of the dis-
placement may differ from one Load Case to the next, but the degree of freedom is
restrained for all Load Cases. In other words, it is not possible to have the displace-
ment known in one Load Case and unknown (unrestrained) in another Load Case.
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Restraints should also be applied to available degrees of freedom in the system at
which the stiffness is known to be zero, such as the out-of-plane translation and in-
plane rotations of a planar-frame. Otherwise, the structure is unstable and the solu-
tion of the static equations will complain.

The force or moment along the degree of freedom that is required to enforce the re-
straint is called the reaction, and it is determined by the analysis. The reaction may
differ from one Load Case to the next. The reaction includes the forces (or mo-
ments) from all elements connected to the restrained degree of freedom, as well as
all loads applied to the degree of freedom.

Examples of Restraints are shown in Figure 17 (page 56).

For more information:

• See Topic “Degrees of Freedom” (page 52) in this chapter.

• See Topic “Ground Displacement Load” (page 59) in this chapter.

Springs
Any of the six degrees of freedom at any of the joints in the structure can have trans-
lational or rotational spring support conditions. These springs elastically connect
the joint to the ground. Spring supports along restrained degrees of freedom do not
contribute to the stiffness of the structure.

The spring forces that act on a joint are related to the displacements of that joint by a
6x6 symmetric matrix of spring stiffness coefficients. These forces tend to oppose
the displacements. Spring stiffness coefficients are specified in the joint local coor-
dinate system. The spring forces and moments F1, F2, F3, M1, M2 and M3 at a joint
are given by:

(Eqn. 1)F
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where u1, u2, u3, r1, r2 and r3 are the joint displacements and rotations, and the
terms u1, u2, u3, r1, r2, and r3 are the specified spring stiffness coefficients.
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The displacement of the grounded end of the spring may be specified to be zero or
non-zero (e.g., due to support settlement). This ground displacement may vary
from one Load Case to the next.

For more information:

• See Topic “Degrees of Freedom” (page 52) in this chapter.

• See Topic “Ground Displacement Load” (page 59) in this chapter.

Masses
In a dynamic analysis, the mass of the structure is used to compute inertial forces.
Normally, the mass is obtained from the elements using the mass density of the ma-
terial and the volume of the element. This automatically produces lumped (uncou-
pled) masses at the joints. The element mass values are equal for each of the three
translational degrees of freedom. No mass moments of inertia are produced for the
rotational degrees of freedom. This approach is adequate for most analyses.

It is often necessary to place additional concentrated masses and/or mass moments
of inertia at the joints. These can be applied to any of the six degrees of freedom at
any of the joints in the structure.

For computational efficiency and solution accuracy, SAP2000 always uses lumped
masses. This means that there is no mass coupling between degrees of freedom at a
joint or between different joints. These uncoupled masses are always referred to the
local coordinate system of each joint. Mass values along restrained degrees of free-
dom are ignored.

Inertial forces acting on the joints are related to the accelerations at the joints by a
6x6 matrix of mass values. These forces tend to oppose the accelerations. In a joint
local coordinate system, the inertia forces and moments F1, F2, F3, M1, M2 and M3
at a joint are given by:
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where ��u
1
, ��u

2
, ��u

3
, ��r

1
, ��r

2
and ��r

3
are the translational and rotational accelerations at the

joint, and the terms u1, u2, u3, r1, r2, and r3 are the specified mass values.

Mass values must be given in consistent mass units (W/g) and mass moments of in-
ertia must be in WL2/g units. Here W is weight, L is length, and g is the acceleration
due to gravity. The net mass values at each joint in the structure should be zero or
positive.

See Figure 18 (page 60) for mass moment of inertia formulations for various planar
configurations.

For more information:

• See Topic “Degrees of Freedom” (page 52) in this chapter.

• See Chapter “Static and Dynamic Analysis” (page 69).

Force Load
Force load is used to apply concentrated forces and moments at the joints. Values
are specified in global coordinates as shown in Figure 19 (page 61). The force load
may vary from one Load Case to the next.

Forces and moments applied along restrained degrees of freedom add to the corre-
sponding reaction, but do not otherwise affect the structure.

For more information, see Topic “Degrees of Freedom” (page 52) in this chapter.

Ground Displacement Load
The ground displacement load is used to apply specified displacements (transla-
tions and rotations) at the grounded end of joint restraints and spring supports. Dis-
placement values are specified in global coordinates as shown in Figure 19 (page
61). These values are converted to joint local coordinates before being applied to
the joint through the restraints and springs.

Restraints may be considered as rigid connections between the joint degrees of
freedom and the ground. Springs may be considered as flexible connections be-
tween the joint degrees of freedom and the ground.

It is very important to understand that ground displacement load applies to the
ground, and does not affect the structure unless the structure is supported by re-
straints or springs in the direction of loading!
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Restraint Displacements

If a particular joint degree of freedom is restrained, the displacement of the joint is
equal to the ground displacement along that local degree of freedom. This applies
regardless of whether or not springs are present.

The ground displacement, and hence the joint displacement, may vary from one
Load Case to the next. If no ground displacement load is specified for a restrained
degree of freedom, the joint displacement is zero for that Load Case.

Components of ground displacement that are not along restrained degrees of free-
dom do not load the structure (except possibly through springs). An example of this
is illustrated in Figure 20 (page 62).

Spring Displacements

The ground displacements at a joint are multiplied by the spring stiffness coeffi-
cients to obtain effective forces and moments that are applied to the joint. Spring
displacements applied in a direction with no spring stiffness result in zero applied
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load. The ground displacement, and hence the applied forces and moments, may
vary from one Load Case to the next.

In a joint local coordinate system, the applied forces and moments F1, F2, F3, M1,
M2 and M3 at a joint due to ground displacements are given by:

(Eqn. 2)F
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where u
g1

, u
g 2

, u
g 3

, r
g1

, r
g 2

and r
g 3

are the ground displacements and rotations, and
the terms u1, u2, u3, r1, r2, and r3 are the specified spring stiffness coefficients.

The net spring forces and moments acting on the joint are the sum of the forces and
moments given in Equations (1) and (2); note that these are of opposite sign. At a re-
strained degree of freedom, the joint displacement is equal to the ground displace-
ment, and hence the net spring force is zero.

For more information:
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• See Topic “Restraints and Reactions” (page 55) in this chapter.

• See Topic “Springs” (page 57) in this chapter.
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C h a p t e r VII

Joint Constraints

Constraints are used to enforce certain types of rigid-body behavior, to connect to-
gether different parts of the model, and to impose certain types of symmetry condi-
tions.

Topics

• Overview

• Diaphragm Constraint

Overview
A constraint consists of a set of two or more constrained joints. The displacements
of each pair of joints in the constraint are related by constraint equations. The types
of behavior that can be enforced by constraints are:

• Rigid-body behavior, in which the constrained joints translate and rotate to-
gether as if connected by rigid links. The types of rigid behavior that can be
modeled are:

– Rigid Body: fully rigid for all displacements

– Rigid Diaphragm: rigid for membrane behavior in a plane
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– Rigid Plate: rigid for plate bending in a plane

– Rigid Rod: rigid for extension along an axis

– Rigid Beam: rigid for beam bending on an axis

• Equal-displacement behavior, in which the translations and rotations are equal
at the constrained joints

• Symmetry and anti-symmetry conditions

The use of constraints reduces the number of equations in the system to be solved
and will usually result in increased computational efficiency.

Only the diaphragm constraint is described in the chapter, since it is the most com-
monly used type of constraint.

For more information and additional features see Chapter “Constraints and Welds”
in the SAP2000 Analysis Reference.

Diaphragm Constraint
A diaphragm constraint causes all of its constrained joints to move together as a pla-
nar diaphragm that is rigid against membrane deformation. Effectively, all con-
strained joints are connected to each other by links that are rigid in the plane, but do
not affect out-of-plane (plate) deformation.

This constraint can be used to:

• Model concrete floors (or concrete-filled decks) in building structures, which
typically have very high in-plane stiffness

• Model diaphragms in bridge superstructures

The use of the diaphragm constraint for building structures eliminates the
numerical-accuracy problems created when the large in-plane stiffness of a floor
diaphragm is modeled with membrane elements. It is also very useful in the lateral
(horizontal) dynamic analysis of buildings, as it results in a significant reduction in
the size of the eigenvalue problem to be solved. See Figure 21 (page 67) for an illus-
tration of a floor diaphragm.

Joint Connectivity

Each Diaphragm Constraint connects a set of two or more joints together. The
joints may have any arbitrary location in space, but for best results all joints should
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lie in the plane of the constraint. Otherwise, bending moments may be generated
that are restrained by the Constraint, which unrealistically stiffens the structure.

Plane Definition

The constraint equations for each diaphragm constraint are written with respect to a
particular plane. The location of the plane is not important, only its orientation.

By default, the plane is determined automatically by the program from the spatial
distribution of the constrained joints. If no unique direction can be found, the hori-
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zontal (X-Y) plane is assumed; this can occur if the joints are coincident or colinear,
or if the spatial distribution is more nearly three-dimensional than planar.

You may override automatic plane selection by specifying the global axis (X, Y, or
Z) that is normal to the plane of the constraint. This may be useful, for example, to
specify a horizontal plane for a floor with a small step in it.

Local Coordinate System

Each diaphragm constraint has its own local coordinate system, the axes of which
are denoted 1, 2, and 3. Local axis 3 is always normal to the plane of the constraint.
The program automatically arbitrarily chooses the orientation of axes 1 and 2 in the
plane. The actual orientation of the planar axes is not important since only the nor-
mal direction affects the constraint equations.

Constraint Equations

The constraint equations relate the displacements at any two constrained joints
(subscripts i and j) in a diaphragm constraint. These equations are expressed in
terms of in-plane translations (u1 and u2), the rotation (r3) about the normal, and the
in-plane coordinates (x1 and x2), all taken in the constraint local coordinate system:

u1j = u1i – r3i x2

u2j = u2i + r3i x1

r3i = r3j

where x1 = x1j � x1i and x2 = x2j � x2i.
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C h a p t e r VIII

Static and Dynamic Analysis

Static and dynamic analyses are used to determine the response of the structure to
various types of loading. This chapter describes the basic types of analysis avail-
able for SAP2000.

Topics

• Overview

• Loads

• Analysis Cases

• Linear Static Analysis

• Eigenvector Analysis

• Ritz-vector Analysis

• Modal Analysis Results

• Response-Spectrum Analysis

• Response-Spectrum Analysis Results
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Overview
Many different types of analysis are available using program SAP2000. These in-
clude:

• Linear static analysis

• Modal analysis for vibration modes, using eigenvectors or Ritz vectors

• Response-spectrum analysis for seismic response

• Other types of linear and nonlinear, static and dynamic analysis that are beyond
the scope of this introductory manual

These different types of analyses can all be defined in the same model, and the re-
sults combined for output.

For more information and additional features see Chapter “Analysis Cases” in the
SAP2000 Analysis Reference.

Loads
Loads represent actions upon the structure, such as force, pressure, support dis-
placement, thermal effects, ground acceleration, and others. You may define
named Load Cases containing any mixture of loads on the objects. The program au-
tomatically computes built-in ground acceleration loads.

In order to calculate any response of the structure due to the Load Cases, you must
define and run analysis cases which specify how the Load Cases are to be applied
(e.g., statically, dynamically, etc.) and how the structure is to be analyzed (e.g., lin-
early, nonlinearly, etc.) The same Load Case can be applied differently in different
analysis cases.

By default, the program creates a linear static analysis case corresponding to each
load case that you define.

Load Cases

You can define as many named Load Cases as you like. Typically you would have
separate Load Cases for dead load, live load, wind load, snow load, thermal load,
and so on. Loads that need to vary independently, either for design purposes or be-
cause of how they are applied to the structure, should be defined as separate Load
Cases.
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After defining a Load Case name, you must assign specific load values to the ob-
jects as part of that Load Case. Each Load Case may include:

• Self-Weight Loads on Frame and/or Shell elements

• Concentrated and Distributed Span Loads on Frame elements

• Uniform Loads on Shell elements

• Force and/or Ground Displacement Loads on Joints

• Other types of loads described in the SAP2000 Analysis Reference

Each object can be subjected to multiple Load Cases.

Acceleration Loads

The program automatically computes three Acceleration Loads that act on the
structure due to unit translational accelerations in each of the three global direc-
tions. They are determined by d’Alembert’s principal, and are denoted mx, my, and
mz. These loads are used for applying ground accelerations in response-spectrum
analyses, and are used as starting load vectors for Ritz-vector analysis.

These loads are computed for each joint and element and summed over the whole
structure. The Acceleration Loads for the joints are simply equal to the negative of
the joint translational masses in the joint local coordinate system. These loads are
transformed to the global coordinate system.

The Acceleration Loads for all elements are the same in each direction and are
equal to the negative of the element mass. No coordinate transformations are neces-
sary.

The Acceleration Loads can be transformed into any coordinate system. In the
global coordinate system, the Acceleration Loads along the positive X, Y, and Z
axes are denoted UX, UY, and UZ, respectively. In a local coordinate system de-
fined for a response-spectrum analysis, the Acceleration Loads along the positive
local 1, 2, and 3 axes are denoted U1, U2, and U3, respectively.

Analysis Cases
Each different analysis performed is called an analysis case. You assign a label to
each analysis case as part of its definition. These labels can be used to create addi-
tional combinations and to control output.

The basic types of analysis cases are:
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• Linear static analysis

• Modal analysis

• Response-spectrum analysis

You may define any number of each different type of analysis case for a single
model. Other types of analysis cases are also available.

By default, the program creates a linear static analysis case for each load case that
you define, as well as a single modal analysis case for the first few eigen-modes of
the structure.

Linear combinations and envelopes of the various analysis cases are available
through the SAP2000 graphical interface.

For more information:

• See Topic “Eigenvector Analysis” (page 73) in this chapter.

• See Topic “Ritz-vector Analysis” (page 73) in this chapter.

• See Topic “Response-Spectrum Analysis” (page 77) in this chapter.

Linear Static Analysis
The static analysis of a structure involves the solution of the system of linear equa-
tions represented by:

K u r�

where K is the stiffness matrix, r is the vector of applied loads, and u is the vec-
tor of resulting displacements. See Bathe and Wilson (1976).

For each linear static Analysis Case that you define, you may specify a linear com-
bination of one or more Load Cases and/or Acceleration Loads to be applied in vec-
tor r .Most commonly, however, you will want to solve a single a Loads Case in a
each linear static Analysis Case, and combine the results later.

Modal Analysis
You may define as many modal analysis cases as you wish, although for most pur-
poses one case is enough. For each modal analysis case, you may choose either
eigenvector or Ritz-vector analysis.
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Eigenvector Analysis

Eigenvector analysis determines the undamped free-vibration mode shapes and fre-
quencies of the system. These natural Modes provide an excellent insight into the
behavior of the structure. They can also be used as the basis for response-spectrum
analyses, although Ritz vectors are recommended for this purpose.

Eigenvector analysis involves the solution of the generalized eigenvalue problem:

[ ]K M 0� �� �2

where K is the stiffness matrix, M is the diagonal mass matrix, � 2 is the diagonal
matrix of eigenvalues, and � is the matrix of corresponding eigenvectors (mode
shapes).

Each eigenvalue-eigenvector pair is called a natural Vibration Mode of the struc-
ture. The Modes are identified by numbers from 1 to n in the order in which the
modes are found by the program.

The eigenvalue is the square of the circular frequency, �, for that Mode. The cyclic
frequency, f, and period, T, of the Mode are related to �by:

T
f

f� �
1

2
and

�
�

You may specify the number of Modes, n, to be found. The program will seek the n
lowest-frequency (longest-period) Modes.

The number of Modes actually found, n, is limited by:

• The number of Modes requested, n

• The number of mass degrees of freedom in the model

A mass degree of freedom is any active degree of freedom that possesses transla-
tional mass or rotational mass moment of inertia. The mass may have been assigned
directly to the joint or may come from connected elements.

Only the Modes that are actually found will be available for any subsequent
response-spectrum analysis processing.

See Topic “Degrees of Freedom” (page 52) in Chapter “Joints and Degrees of Free-
dom.”
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Ritz-vector Analysis

Research has indicated that the natural free-vibration mode shapes are not the best
basis for a mode-superposition analysis of structures subjected to dynamic loads. It
has been demonstrated (Wilson, Yuan, and Dickens, 1982) that dynamic analyses
based on a special set of load-dependent Ritz vectors yield more accurate results
than the use of the same number of natural mode shapes.

The reason the Ritz vectors yield excellent results is that they are generated by tak-
ing into account the spatial distribution of the dynamic loading, whereas the direct
use of the natural mode shapes neglects this very important information.

The spatial distribution of the dynamic load vector serves as a starting load vector
to initiate the procedure. The first Ritz vector is the static displacement vector cor-
responding to the starting load vector. The remaining vectors are generated from a
recurrence relationship in which the mass matrix is multiplied by the previously ob-
tained Ritz vector and used as the load vector for the next static solution. Each static
solution is called a generation cycle.

When the dynamic load is made up of several independent spatial distributions,
each of these may serve as a starting load vector to generate a set of Ritz vectors.
Each generation cycle creates as many Ritz vectors as there are starting load vec-
tors. If a generated Ritz vector is redundant or does not excite any mass degrees of
freedom, it is discarded and the corresponding starting load vector is removed from
all subsequent generation cycles.

For seismic analysis, includeing response-spectrum analysis, you should use the
three acceleration loads as the starting load vectors. This produces better response-
spectrum results than using the same number of eigen Modes.

Standard eigensolution techniques are used to orthogonalize the set of generated
Ritz vectors, resulting in a final set of Ritz-vector Modes. Each Ritz-vector Mode
consists of a mode shape and frequency. The full set of Ritz-vector Modes can be
used as a basis to represent the dynamic displacement of the structure.

Once the stiffness matrix is triangularized it is only necessary to statically solve for
one load vector for each Ritz vector required. This results in an extremely efficient
algorithm. Also, the method automatically includes the advantages of the proven
numerical techniques of static condensation, Guyan reduction, and static correction
due to higher-mode truncation.

The algorithm is detailed in Wilson (1985).
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When a sufficient number of Ritz-vector Modes have been found, some of them
may closely approximate natural mode shapes and frequencies. In general, how-
ever, Ritz-vector Modes do not represent the intrinsic characteristics of the struc-
ture in the same way the natural eigen-Modes do. The Ritz-vector Modes are biased
by the starting load vectors.

You may specify the total number of Modes, n, to be found. The total number of
Modes actually found, n, is limited by:

• The number of Modes requested, n

• The number of mass degrees of freedom present in the model

• The number of natural free-vibration modes that are excited by the starting load
vectors (some additional natural modes may creep in due to numerical noise)

A mass degree of freedom is any active degree of freedom that possesses transla-
tional mass or rotational mass moment of inertia. The mass may have been assigned
directly to the joint or may come from connected elements.

Only the Modes that are actually found will be available for any subsequent
response-spectrum analysis processing.

See Topic “Degrees of Freedom” (page 52) in Chapter “Joint Degrees of Freedom.”

Modal Analysis Results

Each modal analysis cases results in a set of modes. Each mode consists of a mode
shape (normalized deflected shape) and a set of modal properties. These are avail-
able for display and printing from the SAP2000 graphical interface. This informa-
tion is the same regardless of whether you use eigenvector or Ritz-vector analysis,
and is described in the following subtopics.

Periods and Frequencies

The following time-properties are given for each Mode:

• Period, T, in units of time

• Cyclic frequency, f, in units of cycles per time; this is the inverse of T

• Circular frequency, �, in units of radians per time; � = 2 � f

• Eigenvalue, �2, in units of radians-per-time squared
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Modal Stiffness and Mass

For each mode shape, only the relative deflection values are important. The overall
scaling is arbitrary. In SAP2000, the modes shapes are each normalized, or scaled,
with respect to the mass matrix such that:

�
n n n

� �� �T

M 1

This quantity is called the modal mass. Similarly, the modal stiffness is defined as:

�
n n n

� � �T

K

Regardless of how the modes are scaled, the ratio of modal stiffness to modal mass
always gives the modal eigenvalue:

�

�
n

n

n
� � 2

Participation Factors

The modal participation factors are the dot products of the three Acceleration Loads
with the modes shapes. The participation factors for Mode n corresponding to Ac-
celeration Loads in the global X, Y, and Z directions are given by:

f
xn n x

� � T

m

f
yn n y

� � T

m

f
zn n z

� � T

m

where �
n

is the mode shape and mx, my, and, mz are the unit Acceleration Loads.

These factors are the generalized loads acting on the Mode due to each of the Accel-
eration Loads. They are referred to the global coordinate system.

These participation factors indicate how strongly each mode is excited by the re-
spective acceleration loads.

Participating Mass Ratios

The participating mass ratio for a Mode provides a relative measure of how impor-
tant the Mode is for computing the response to the Acceleration Loads in each of the
three global directions. Thus it is useful for determining the accuracy of response-
spectrum analyses.
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The participating mass ratios for Mode n corresponding to Acceleration Loads in
the global X, Y, and Z directions are given by:

p
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where fxn, fyn, and fzn are the participation factors defined in the previous subtopic;
and Mx, My, and Mz are the total unrestrained masses acting in the X, Y, and Z direc-
tions. The participating mass ratios are expressed as percentages.

The cumulative sums of the participating mass ratios for all Modes up to Mode n
are printed with the individual values for Mode n. This provides a simple measure
of how many Modes are required to achieve a given level of accuracy for ground-
acceleration loading.

If all eigen-Modes of the structure are present, the participating mass ratio for each
of the three Acceleration Loads should generally be 100%. However, this may not
be the case in the presence of certain types of Constraints where symmetry condi-
tions prevent some of the mass from responding to translational accelerations.

Response-Spectrum Analysis
The dynamic equilibrium equations associated with the response of a structure to
ground motion are given by:

K u C u M u m m m( ) �( ) ��( ) �� ( ) �� ( ) ��t t t u t u t u
x gx y gy z gz

� � � � � ( )t

where K is the stiffness matrix; C is the proportional damping matrix; M is the di-
agonal mass matrix; u, �u, and ��u are the relative displacements, velocities, and accel-
erations with respect to the ground; mx, my, and mz are the unit Acceleration Loads;
and ��u

gx
, ��u

gy
, and ��u

gz
are the components of uniform ground acceleration.

Response-spectrum analysis seeks the likely maximum response to these equations
rather than the full time history. The earthquake ground acceleration in each direc-
tion is given as a digitized response-spectrum curve of pseudo-spectral acceleration
response versus period of the structure.
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Even though accelerations may be specified in three directions, only a single, posi-
tive result is produced for each response quantity. The response quantities include
displacements, forces, and stresses. Each computed result represents a statistical
measure of the likely maximum magnitude for that response quantity. The actual
response can be expected to vary within a range from this positive value to its nega-
tive.

No correspondence between two different response quantities is available. No in-
formation is available as to when this extreme value occurs during the seismic load-
ing, or as to what the values of other response quantities are at that time.

Response-spectrum analysis is performed using mode superposition (Wilson and
Button, 1982). Modes may have been computed using eigenvector analysis or
Ritz-vector analysis. Ritz vectors are recommended since they give more accurate
results for the same number of Modes.

Any number of response-spectrum analyses can be defined in a single model. You
assign a unique label to each response-spectrum analysis case. Each case can differ
in the acceleration spectra applied, the modal analysis case used to generate the
modes, and in the way that results are combined.

The following subtopics describe in more detail the parameters that you use to de-
fine each case.

Local Coordinate System

Each response-spectrum case has its own response-spectrum local coordinate
system used to define the directions of ground acceleration loading. The axes of
this local system are denoted 1, 2, and 3. By default these correspond to the global
X, Y, and Z directions, respectively.

You may change the orientation of the local coordinate system by specifying a co-
ordinate angle, ang (the default is zero). The local 3 axis is always the same as the
vertical global Z axis. The local 1 and 2 axes coincide with the X and Y axes if angle
ang is zero. Otherwise, ang is the angle in the horizontal plane from the global X
axis to the local 1 axis, measured counterclockwise when viewed from above. This
is illustrated in Figure 22 (page 79).

Response-Spectrum Functions

A Response-spectrum Function is a series of digitized pairs of structural-period and
corresponding pseudo-spectral acceleration values. You may define any number of
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Functions, assigning each one a unique label. You may scale the acceleration val-
ues whenever the Function is used.

Specify the pairs of period and acceleration values as:

t0, f0, t1, f1, t2, f2, ..., tn, fn

where n + 1 is the number of pairs of values given. All values for the period and ac-
celeration must be zero or positive. These pairs must be specified in order of in-
creasing period.

Response-Spectrum Curve

The response-spectrum curve for a given direction is defined by digitized points of
pseudo-spectral acceleration response versus period of the structure. The shape of
the curve is given by specifying the name of a Response-spectrum Function.

If no Function is specified, a constant function of unit acceleration value for all
structural periods is assumed.

The pseudo spectral acceleration response of the Function may be scaled by the fac-
tor sf. After scaling, the acceleration values must be in consistent units. See Figure
23 (page 80).
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The response-spectrum curve chosen should reflect the damping that is present in
the structure being modeled. Note that the damping is inherent in the response-
spectrum curve itself. It is not affected by the damping ratio, damp, used for the
CQC or GMC method of modal combination, although normally these two damp-
ing values should be the same.

If the response-spectrum curve is not defined over a period range large enough to
cover the modes calculated in the modal analysis case, the curve is extended to
larger and smaller periods using a constant acceleration equal to the value at the
nearest defined period.

Modal Combination

For a given direction of acceleration, the maximum displacements, forces, and
stresses are computed throughout the structure for each of the Vibration Modes.
These modal values for a given response quantity are combined to produce a single,
positive result for the given direction of acceleration using one of the following
methods. Use the parameter modc to specify which method to use.
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CQC Method

Specify modc = CQC to combine the modal results by the Complete Quadratic
Combination technique described by Wilson, Der Kiureghian, and Bayo (1981).
This is the default method of modal combination.

The CQC method takes into account the statistical coupling between closely-
spaced Modes caused by modal damping. You may specify a CQC damping ratio,
damp, measured as a fraction of critical damping: 0 1� �damp . This should reflect

the damping that is present in the structure being modeled. Note that the value of
damp does not affect the response-spectrum curve, which is developed independ-
ently for an assumed value of structural damping. Normally these two damping val-
ues should be the same.

If the damping is zero, this method degenerates to the SRSS method.

GMC Method

Specify modc = GMC to combine the modal results by the General Modal Combi-
nation technique. This is the same as the complete modal combination procedure
described by Equation 3.31 in Gupta (1990). The GMC method takes into account
the statistical coupling between closely-spaced Modes similarly to the CQC
method, but also includes the correlation between modes with rigid-response con-
tent.

As with the CQC method, you may specify a GMC damping ratio, damp, such that
0 1� �damp . Greater damping increases the coupling between closely-spaced
modes.

In addition, the GMC method requires you to specify two frequencies, f1 and f2,
which define the rigid-response content of the ground motion. These must satisfy
0 < f1 < f2. The rigid-response parts of all modes are assumed to be perfectly corre-
lated.

The GMC method assumes no rigid response below frequency f1, full rigid re-
sponse above frequency f2, and an interpolated amount of rigid response for fre-
quencies between f1 and f2.

Frequencies f1 and f2 are properties of the seismic input, not of the structure. Gupta
defines f1 as:

f1 �
S

S

A

V

max

max
2�
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where S
Amax

is the maximum spectral acceleration and S
Vmax

is the maximum spec-
tral velocity for the ground motion considered. The default value for f1 is unity.

Gupta defines f2 as:

f2 f1� �
1

3

2

3
f
r

where f
r

is the rigid frequency of the seismic input, i.e., that frequency above
which the spectral acceleration is essentially constant and equal to the value at zero
period (infinite frequency).

Others have defined f2 as:

f2 � f
r

The default value for f2 is zero, indicating infinite frequency. For the default value
of f2, the GMC method gives results similar to the CQC method.

SRSS Method

Specify modc = SRSS to combine the modal results by taking the square root of the
sum of their squares. This method does not take into account any coupling of
Modes as do the CQC and GMC methods.

Absolute Sum Method

Specify modc = ABS to combine the modal results by taking the sum of their abso-
lute values. This method is usually over-conservative.

Directional Combination

For each displacement, force, or stress quantity in the structure, modal combination
produces a single, positive result for each direction of acceleration. These direc-
tional values for a given response quantity are combined to produce a single, posi-
tive result. Use the directional combination scale factor, dirf, to specify which
method to use.

SRSS Method

Specify dirf = 0 to combine the directional results by taking the square root of the
sum of their squares. This method is invariant with respect to coordinate system,
i.e., the results do not depend upon your choice of coordinate system when the
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given response-spectrum curves are the same. This is the recommended method for
directional combination, and is the default.

Absolute Sum Method

Specify dirf = 1 to combine the directional results by taking the sum of their abso-
lute values. This method is usually over-conservative.

Scaled Absolute Sum Method

Specify 0 < dirf < 1 to combine the directional results by the scaled absolute sum
method. Here, the directional results are combined by taking the maximum, over all
directions, of the sum of the absolute values of the response in one direction plus
dirf times the response in the other directions.

For example, if dirf = 0.3, the spectral response, R, for a given displacement, force,
or stress would be:

R R R R� max ( , , )
1 2 3

where:

R R R R
1 1 2 3

03� � �. ( )

R R R R
2 2 1 3

03� � �. ( )

R R R R
3 3 1 2

03� � �. ( )

and R
1
, R

2
, and R

3
are the modal-combination values for each direction.

The results obtained by this method will vary depending upon the coordinate sys-
tem you choose. Results obtained using dirf = 0.3 are comparable to the SRSS
method (for equal input spectra in each direction), but may be as much as 8% un-
conservative or 4% over-conservative, depending upon the coordinate system.
Larger values of dirf tend to produce more conservative results.

Response-Spectrum Analysis Results

Certain information about each response-spectrum analysis case is available for
printing from the SAP2000 graphical interface. This information is described in the
following subtopics.
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Damping and Accelerations

The modal damping and the ground accelerations acting in each direction are given
for every Mode. The damping value printed for each Mode is just the specified
CQC or GMC damping ratio, damp.

The accelerations printed for each Mode are the actual values as interpolated at the
modal period from the response-spectrum curves after scaling by the specified
value of sf. The accelerations are always referred to the local axes of the response-
spectrum analysis. They are identified in the output as U1, U2, and U3.

Modal Amplitudes

The response-spectrum modal amplitudes give the multipliers of the mode shapes
that contribute to the displaced shape of the structure for each direction of Accelera-
tion Load. For a given Mode and a given direction of acceleration, this is the prod-
uct of the modal participation factor and the response-spectrum acceleration, di-
vided by the eigenvalue, �2, of the Mode.

The acceleration directions are always referred to the local axes of the response-
spectrum analysis. They are identified in the output as U1, U2, and U3.

For more information:

• See the previous Subtopic “Damping and Acceleration” for the definition of the
response-spectrum accelerations.

• See Topic “Modal Analysis Results” (page 75) in this chapter for the definition
of the modal participation factors and the eigenvalues.

Base Reactions

The base reactions are the total forces and moments about the global origin required
of the supports (restraints and springs) to resist the inertia forces due to response-
spectrum loading. These are printed for each individual Mode after performing
only directional combination, and then summed for all Modes after performing mo-
dal combination and directional combination.

The reaction forces and moments are always referred to the local axes of the
response-spectrum analysis. They are identified in the output as F1, F2, F3, M1,
M2, and M3.
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Index

B
Beam

see Frame element

C
Column

see Frame element

Coordinate directions, 8

Coordinate systems, 7
Diaphragm constraint, 9
Frame element, 9,14
global, 8
horizontal directions, 8
local, 9
overview, 7
Shell element, 9
upward direction, 8
vertical direction, 8
X-Y-Z, 8

F
Frame element, 11

clear length, 24
connections, 24
connectivity, 13

coordinate angle, 15
coordinate system, 14
default orientation, 15
degrees of freedom, 14
end I, 13
end J, 13
end offsets, 24,27
end releases, 25 - 26
internal forces, 25
joints, 13
longitudinal axis, 15
mass, 27
overview, 12
section properties

see Frame section
support faces, 24
truss behavior, 14
vertical, 15

Frame section, 17
angle section, 20
area, 17
box section, 20
channel section, 20
database file, 20
database section, 20
double-angle section, 20
general section, 18
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I section, 20
local coordinate system, 17
material properties, 17
moment of inertia, 17
pipe section, 20
rectangular section, 20
shape, 18
shear area, 17
shear deformation, 17
solid circular section, 20
T section, 20
torsional constant, 17

T
Truss

see Frame element

Typographical conventions, 2
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